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Abstract 

Dyonic black holes with string-loop corrections are studied in the near-horizon region. 
In perturbative heterotic string theory compactified to four dimensions with N = 2 su- 
persymmetry, in the first order in string-loop expansion parameter, we solve the system 
of Maxwell and Killing spinor equations for dyonic black hole. At the horizon, the string- 
loop-corrected solution displays restoration of spontaneously broken super symmetry. 
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Since appearance of papers [1] , where it was noted that the Robertson-Bertotti geometry 
is maximally supersymmetric, i.e. does not break any of supersymmetries of iV = 2, d = 4 
supergravity, there appeared a number of papers discussing this and related phenomena in 
different systems [2, 3, 4, 5]. 

In particular, it was made clear that if at special points of space-time the metric of a system 
is asymptotic to the Robertson-Bertotti metric, than at these points some partially broken 
supersymmetries can restore. 

This property of the metrics imply the universality properties of black holes in supersym- 
metric theories: the entropy-area formula, attractor properties of a system at the points of 
supersymmetry restoration, etc. [4, 5, 6, 7, 8, 9, 10, 11, 12, 13] and refs. therein. 

In this letter we discuss these properties in the case of the string-loop-corrected dyonic 
black hole. In the framework of perturbative heterotic string theory compactified to 40 with 
N — 2 supersymmetry, the prcpotential of the effective low-energy theory (so-called STU model) 
receives only one-string- loop correction from string world sheets of torus topology [14, 15, 16]. 
String-loop expansion parameter is e = 6*^°°, where 0oo = hm0|j.^oo- Starting from the loop- 
corrected prepotcntial, in the first order in e, we solve Killing spinor equations (conditions for 
supersymmetry variations of spinors to vanish). In the region of small r, near the horizon of 
the black hole, we obtain expressions for the metric and moduli and verify vanishing of certain 
objects implying restoration of supersymmetry. 

= 1 supersymmetric 6D effective action of the heterotic string theory compactified to 4D 
on a two-torus yields N = 2 locally supersymmetric theory. Bosonic part of the 40 effective 
action in the Einstein frame is [17] 



R - -(d(j)Y - —T{LML)T + -^^TL*T + -TridMLdML) 
2 4 ^\/-g 8 



On the other hand, the bosonic part of the action of a = 2 locally supersymmetric theory 
has the form [18, 19, 20] 



tN=2 



(2) 



Here J^^^ = K^ij-i^ =•= iV~9*^iJ''^)^ where *^^,, = \e.^^pxJ^P^, and e^,,pA is the flat antisymmetric 
tensor, eoi23 = — 1- The couplings Njj are deflned below, kfj is the Kahler metric ki — ^ ^ 
where K is the Kahler potential. The tree-level moduh are 



{e-^ + iai) , 
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^^z'^iys^i{e^-'' + ias) (3) 

Here and Oi are dilaton and axion, 02 = -B12, other moduh are identified by comparison with 
the metric of the two-torus 

G™ = e-(^''l;+"^ 7') (4) 

In the holomorphic section which admits introduction of the prepotential, the effective action 
(1) can be identified with the action (2) having the prepotential of the STU model (for instance, 
[15]) 

^5 teX'\{-z—,-z— ) + .... (5) 

At the one-loop level dilaton mixes with other moduli and 

V 

yi = e - e— + iai. (6) 

The Kahler potential is given by 

X = - ln[(yi + yi + eV) (^2 + ^2) (^3 + ys)] , (7) 

and is invariant under symplectic transformations. Here V is the Green-Schwarz function V 
[15, 21] 

_ Reh — Rey2RedyM — Rey^RedyM , . 

^2/2, 2/2, 2/3, 2/3 = 5 — -B —■ 8 

Re y2 Re 

In the section with the prepotential the gauge couplings are calculated using the formula (for 
instance, [18, 19, 20]) 

- ilmFiKX^MlmFjLX-^) 

where Fi = dx'F, Fjj = d\i-^jF, etc. 

In the case of black hole solutions in which we are interested in this paper, the tree-level 
moduli yi are real. Since the expressions of the first order in string coupling are calculated by 

substituting for the arguments the tree-level moduli, below, in cases where this does not lead 
to confusion, we use the same notation y^ for the real parts of the moduli. Imaginary parts of 
the moduli corresponding to dyonic solution may appear in the first order in string coupling. 
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In the first order in string coupling constant, the gauge couphngs Nu are [22] 

AT ■ 3 ( . , ^ \ AT n + 2v . y2yz 
Noo = ly 1-1 + e— I , VVoi = -e^^- leai-^, 

j.r n + 2v- 2y2hy + 4^2/^2 . ym 

4^/2 y2 

n + 2v + 2y3hy + Ayshs . yiy2 

No3 = -e teas , 

4|/3 ys 

AT (t > ^ \ AT ■ ^y2hy-n 

• 2y3/iy - n . 2y/iy - 4y2/i232/3 - , 
-'Via = W2e ^ \-ea2, N23^iyie ^ heoi, 

AT (a y2h23y3 : ri \ j/ [ y3/i23l/3 . n ^ 



Here we introduced the notations: y^ = yiy2y3, hy = haya = ^2^/2 + ^3?/3, K = dy^h, hab = 
dyady^h and 

v = h-yaha, n = h - haya + yahabyb, y2hy = y2h2aya- (11) 
The field equations and the Bianchi identities for the gauge field strengths are 

d,{^gImT-"''^)^Q (12) 

where G^^^ = NijT'"^ . In sections which do not admit a prepotential (including that which 
naturally appears in compactification of the heterotic string action), the gauge couplings are 
obtained by making a symplectic transformation of the couplings calculated in the section with 
the prepotential 

N = {C + DN){A + BN)-^. (13) 

In the first order in string coupling, transformation from the section with the prepoten- 
tial to that associated with the heterotic string compactification is performed by symplectic 
transformation with the matrices 

A — (iia(y'(l, 0, 1, 1) + e(ajj), S = (iia5'(0, 1, 0, 0) + e(6jj), 

C = (iia^(0, 1,0,0) + e(Qj), D ^ diag{l,Q, 1,1) + e{dij), (14) 
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where a, b, c and d are constant symmetric matrices. The form of the corrections to the tree- 
level matrices [15] is constrained by the requirement that in the heterotic section the loop 
corrections to the couplings are proportional to ee*^. This results in symplectic transformation 
with a — b — 0, c is an arbitrary symmetric matrix with cu — and the only non-zero element 
of the matrix d is du [22]. 

General dyonic solution can be obtained by solving the Killing spinor equations which are 
conditions for the supersymmetry transformations of the chiral gravitino ipan and gaugini A*" 
to vanish (for instance, [19, 23, 24]) 

S'^|:a^l = D^e^ - T~^Y^ap^'^ = 0, (15) 
SXl = ird.z^e- + G-7Ve"^e^ = 0, (16) 

where 

1 i 

Here w'^ and are the spin and Kahler connections, and one introduces symplectic invariants 
[19, 25, 10] 

S,,^X'lmNijr;J, T;^^2ie''l''S,,, (17) 
G't = -hf^fj Im NijT^J. (18) 

Here k^^ is the inverse Kahler metric, and 

In the case of a stationary spherically-symmetric solutions with the metric 

ds^ = -e^^^'^\dt + Wrn{r)x"'f + e-2t^(")(rfr2 + r^dQ^), (19) 
The II — component of the gravitini Killing spinor equation can be presented as 

Wo^SaTb^a - T^nlneape^ = (20) 

Here the indices with hats refer to the tangent space basis. Assuming the Ansatz for a constraint 
on the supersymmetry parameter e" = 7Qe"'^e^ (cf. [24, 10]), separating the coefficient at the 
spinor structure and taking the real part of the resulting equation, we have 

(21) 
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where we used that w'^ = ^d^e^^ . Substituting the Ansatz in gaugini KiUing equation, we 
obtain 

[ie^'dnz' - 4^0^) 7S"6"^e/3 = 0. (22) 
Contracting Eq.(22) with the functions //, we have 

if I dnz'e'' + 4 Q J-Q-/ + e^'X'sJj = 0. (23) 

Using the relations of special N = 2 geometry, Eqs.(23) can be recast in the form which contains 
G'7o„ and Fj. Contracting Eq.(23) with Fj and using identities 

T-'Fi^GjX', Fifl^X'gu, 

where gn = {di + ^diK)e^^'^Fj, which follow from definitions of // and Gi^,y, we have 

X'gudnz' + 4e-^ (^Gyo^X^ + e^F/X^^on) = 0. 
Removing the functions X^, we obtain the symmetric equation 

gud„z' + 4e-^ (^G'-/on + e^F/^on) = 0. (24) 
Substituting the gravitino equation, Eqs.(23) and (24) arc presented as (cf. [11]) 



2^0n = ^ 



e^a„(e^/2^0 - (e^/'XOa„e^] + 2ImTo-e''/^X' - Im{diKdr,yi)e''/^+'' X' , (25) 
-2G'7o„ = i [e^9„(e^/^F,) - (e^/2F,)9„e^] + 2ImT^^e''/-'Fi - Im{diKdnyi)e''/'+'' Fi. (26) 

Here we used the equality diKdnZ^ = \dnK + i Im{diKdnZ^). Eqs.(25) and (26) are not 
independent, but one set can be obtained from the other. One can also take some equations 
from the first set, and the remaining equations from the second. 

Let us solve Eqs.(25) and (26). We consider a tree-level dyonic black hole solution with 
vanishing axionic parts, i.e. the tree-level moduli yi are real. Axions = Imyi can appear at 
higher orders in e. The holomorphic section associated with the heterotic string compactification 
is 

{x\ Fi) = (1, 2/2^3, iy2, iys; -iymyz, -iyi, ym - e^2, yiy2 - ehs). (27) 

The tree-level dyonic solution contains two magnetic and two electric fields with strengths 



and 
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K = . , Tt = . , (29) 

^-g'ImN22 ^/-g'lmNas 

where -^—g' — e~'^^r'^ and the gauge couphngs are 

AT ■ AT ■ AT -y^y^ m -y^y^ 

?/2?/3 y2 Z/3 

Since the tree-level moduh are real, Im{diKdnZ^) = O(e^). Taking imaginary parts of Eqs.(25) 
for 7 = 0, 1 and Eqs.(26) for 7 = 2, 3, we obtain 

^*^on = e'^dr. (e^/'-^ReX') + 0{e% (30) 
^*Gion = e'^'dn (e^/'-^7t:e F,) + O(e^). (31) 

Substituting (28) and (29) in the system (30) and (31), we obtain the equations 

• ~ = (e'^'^-'W)' (32) 

and 

= {e-"'-"y.ys)' , = (33) 

with the tree-level solutions (cf. [26, 27, 28, 10, 11, 13]) 

^'<«'-^^" ^»<»'— (^)"- 

where 

77° = a/8P° + or, 77^ = ^/8P^ + a'V, H2^V8Q2 + br, ^ VSQ^ + b'^r. (35) 

The constants are constrained by the requirement that solution is asymptotically flat. 

Prom the tree-level solutions it follows that expressions are finite and the functions 
vanish in the limit r — > 0. Introducing new variable, p — I, one obtains a conformally flat form 
of the metric in the limit p oo. As follows from the above, in this limit the derivatives of 
the moduli dpZ^ vanish. Due to vanishing of the function in the limit r 0, all the terms in 
gravitini and gaugini equations vanish separately and yield no restrictions on supersymmetry 
parameter (cf. [2, 3, 5]), i.e. at this point supersymmetry is restored. 



6 



In papers [27] it was shown that in general case of string tree-level dyonic black hole, nonzero 
total electric and magnetic charges yield constraints, each preserving 1/2 of the supersymmetry 
unbroken (so that general dyonic configuration preserves 1/4 of the supersymmetry unbroken) . 
This result is not in contradiction with the restoration of supersymmetry at the horizon, because 
the constraints are obtained from Killing spinor equations which contain the metric component 
e^^. At the horizon, the terms multiplied by the metric component e^^ vanish, and there appear 
no relations leading to constraints. 

Let us turn to the loop-corrected dyonic solution. The functions (p, 7 and a which enter 
the moduli (3) and the function 2C/ in metric are split into the tree- level parts 0o, 7o, cq, 2C/o 
and the parts of the first order in string coupling: = 0o + ^<f>i, 2C/ = 2Uq + eui. With the 
required accuracy, the Kahler potential is 

= [1 + e (01 - 271)] . (36) 

In the first order in string coupling, taking into account that the terms of the main order in 
string coupling cancel, Eqs. (30) with / = 0, 1 yield 

(01 - Ml - 271)' + ^(00 - 2Uo - 270)' (01 - Ml - 271) = 0, (37) 

(01 - Ml + 271)' + ^(00 - 2Uo + 270)' (01 - Ml + 271) = 0. 

From this system we find that in the limit r — >■ both functions 71 and 0i — Mi vanish as 
0{r). Substituting the loop-corrected expressions F2 — yiys — e/i2 and F3 = yiy2 — ehz and 
introducing L2 — e/i2y2e~^'''° and L3 = e/iayae"^"^", we reduce the second pair of equations (31) 
to the form 



(01 + Ml + 2ai + {V + 2L2)/o)' -\{ao + Uo + y j (0i + Mi + 2ai + {V + 2L2)/o) = 0, 
(01 + Ml - 2ai + {y + 2L3)/o)' - \ i-(Jo + ^0 + y] (0i + - 2ai + (V + 2L3)/o) = 0. 



(38) 



Prom these equations, in the limit r — > we find 

_ h{y 2(0), y 3(0)) 



01 = Mi = -i//o(O)^ Ml/2(0), 1/3(0)) 



2|/l(0)|/2(0)|/3(0) 

and 



r=0 



p03 X V2 



r=0 



P'Q2Q3 



(39) 



(7i = -{Ls - L2] 



r>i \ 



r=0 



+ 0(r). (40) 
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Here we introduced 



V + L 



h{y2{Q),yz{o)) 



r=0 



2^2(0)^3(0) 



Lo + -Zvg 



r=0 



(41) 



Let us consider solution of the gaugini Killing spinor equations written in an alternative form 
(23). At the tree level, substituting explicit expressions for the field strengths (28) and (29) 
and solutions for the moduli (35), we find that in the limit r — all the combinations 

{\-^on + e.^ X Sqj^ vanish implying that dnUilr^ o, are finite and vanish. Vanishing of of 

the tensor G^^,^ together with Bcrtotti- Robinson form of the metric near the point r = ensure 
vanishing of the Weyl tensor and conformal invariance of the theory in this region. 

Keeping the terms of the main and the first orders in string coupling, the Maxwell equations 



written in the heterotic holomorphic section are 



0. 








(42) 



dr[^{ImN22p + ImN23p) + i?eiV2o*J^° + ReN2i*Pr = 
^r[^/^{ImNssT^ + ImNs2:F^) + ReN^^*^'' + ReN^^'P^f'' = 0. (43) 

Only the diagonal gauge couplings Nu contain the parts of the main order in string coupling. 
The field strengths Pq'^, absent at the tree level, are of the first order in string coupling. 
Solving the Maxwell equations in the holomorphic section associated with the heterotic string 
compactification with the gauge couplings Njj calculated from the couplings (9) by using the 
transformations (13), (14), we obtain 

^or- ^ go -aiP^ - ag Qg ^^^^ 

^lor ^ gi - ai P° + azQ2lyl + a2Q?.lyl ^^^^ 
^ —g' ImNii 
Q2- ReN2o - ReN2i - 7^ Q3 

^2 Or- _ 2— Zl ImNss {^Q) 

^/-g'ImN22 

^sor ^ Q3-ReNsoP'-ReNsiP'-^^Q2 
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Substituting the field strengths (44)- (47), we have [22] 

Son = {[P°(/m TVoo + ViReNio) - P^y^ - {Q^y^ + Q^y^)] 



(48) 



X 

-ie[P°(aiy2?/3 + 02^1^3 + 03^1^2) + aaQa + aiP^ - Qo - ?iy2y3)]}^e^^ — 

Because KiUing spinor equations are hnear in derivatives of the moduh, in the first order in 
string couphng the equations for the real and imaginary parts of the moduli decouple. To 
obtain the loop corrections to the dilaton (p and the metric component e^^ as well as to the 
metric of the two-torus Gmn it is sufficient to solve the Killing spinor equations for the real 
parts of the moduli. At this stage, the imaginary parts of the moduli can be neglected. 
The combinations which enter Eqs.(23) are 



and 



,l/2(<^0-270) 



2\/8 

1 



,1/2(00 +270) 



i<l>o - H) 



(00 + 27o) 



1 + 4 



^ 0[, + 27r 2 



+ 271) 



X 



X'- 
r 



(49) 



(50) 



Other combinations are f^dnz'^ — iyi{fn + e^^^dnya), where i — 1,2,3. The expression e^Son 
in Eqs.(23) can be presented as ^ 



(^-^ [So 



X" 



where 
and 



Si = P°2(y + L)/o + P^e-2^° (-271) 

Vfo 



-70+O-0 _|_ Q^^'f''^~^o-<^o 



(51) 
(52) 
(53) 



+Q2e 



01 - 7i + + 



+ Q3e 



01 - 7i - c^i + 



Vfo' 



Substituting the above expressions, we obtain the gaugini Killing equations (23) with / = 0, 1 
in the form 



27i 1,. . ^ -^1-^0^ 



0n + 27n 2 



c c Vfo 

AP^H^/m - So 



= 0, 
= 0. 



(54) 



^More exactly, here we consider gaugini Killing spinor equations for the real parts of the moduli, i.e. for 
5on we take the first (real) term in curly brackets in (48). Imaginary parts of the moduli will be discussed 
separately. 
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At small r we have 

50 = 4P° + 2pOr(0'o - 27(,)(0) + 0{r^) (55) 

and 

51 = 2P°(0i - 271 + Hfom + 0(r). (56) 
Eqs.(54) split into the following system 

7; + 27;(0i-iii) + 20(,7i = O, (57) 

'^; + f(0i-^i) + 27o7i- ,^0%^ =0 

Substituting (55) and (56) and noting that the functions 0i and Ui are finite at the origin, and 
7i is of order 0(r), at small r we reduce the second equation (57) to the form 

^;-*-^ = (58) 
r r 



Similar transformations of the gravitini equation yield 

^-y + 2(*i-27,-«,)-^pirr:^ = 0. (59) 

At small r 2Uq — ^ + 0(1), and the gravitini KiUing equation takes the same form as (58) 

, ui H(0)fo , , 

- — = 0. 60 

r r 

Solving Eqs.(58) and (60), we reproduce the solution (39). In the same way we obtain the 
above solutions for 71 and a\. 

Let us consider the equations for imaginary parts of the moduli yi = Reyi + ioj. The 
functions arc zero at the tree level, and can appear in the first order in string coupling. 
Below, in the equations for Oj, the moduli Reyi appear only in the main order, and again we 
keep notations for the real parts of the moduh. Contracting gaugini KiUing Eq.(22) with the 
metric /Cjj, introducing T/or = Irn NjjJ^q/ and separating the imaginary part of the resulting 
equation, we have 

k-jia'i + Ae-^Im {fj Tj) = 0. (61) 

Introducing qi — qie'^^°, (y2(o)y3(o) — 6^'''°, see (35)) with the required accuracy, Eqs.(61) are 
written as 
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?0 



qi - aiP^ - UaQa + P^{+aiy2y3 - a2yiyz + a3yiy2) = 0, 



«3 + ^ 



qo-qi- aiP^ - aaQa + P°{+aiy2y3 + 02^1^3 - 03^1^2)] = 0. (62) 



Here all the functions yi, U and K are taken in the main order in string coupling. Let us 
introduce the functions bi — ai/yi. All the coefficients at the functions bi in Eqs.(62) rewritten 

through the functions bi in the limit r — coincide and are equal to (^ ^ po*^^ ^ ^ = a, and the 

expression '^^^2^'^ at small r is In the hmit of small r, we obtain the system (62) in the 
form 

&'i + &i — + — [go + ?i - 2q;6i + C>(r)] = 0, (63) 
yi ra 

b'2 + &2— + —[go - gi - 2q;62 + 0{r)] = 0, 
?/2 ra 

b'3 + &3— + —[go - gi - 2a63 + C'(r)] = 0. 
yz ra 

with a solution 

6i = ^^ + cir + 0(r^), (64) 

6a=^^ + c„r + 0(r2), a = 2, 3. 
2q; 

where q are arbitrary constants. 

Using the above asymptotics of the axions, we can consider stationarity properties of the 
loop-corrected solution. Taking the imaginary part of the gravitini spinor Killing equation (20), 
we have 

^*w;o""7°7"ea + e^/m T^^^S^'^ape" = 0, (65) 

where = \e^P^{dpWq - dqWp) and ImT^ = 2Ree^/^Son with Son from (48). In the limit 
of small r we have ImT = 0(r°) and e^ImT — 0{r) implying vanishing of the functions Wn 
in this limit and stationarity of solution. Also, suitably adjusting the free constants in (64), 
the asymptotic (physical) charges of the electric fields and can be made vanishing. 

To conclude, general loop-corrected dilatonic black holes with four charges, as the tree- 
level solutions, at the horizon display restoration oi N — 2 supersymmetry. The metric in the 
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near-horizon region becomes of the Robinson-Bertotti type. This result is natural, provided 
perturbation theory does not violate supersymmetry. 
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